PROPAGATION OF THERMOELASTIC ACCELERATION WAVES
IN MATERTALS WITH THERMAL MEMORY
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A method of surfaces of discontinuity is used to obtain expressions for veloci-
ties and attenuations of thermoelastic waves propagating in a semibounded
medium with thermal memory.

A wide variety of thermophysical and mechanical properties of materials presently syn-
thesized require for their description the usage of new representations that take into account
the prehistory of the materials. The same is also required for describing the behavior of
ordinary materials under extreme conditions, for example, materialsundergoing intensive high-
speed processes and materials at low temperatures. Therefore, a thermodynamic theory of ma-
terials accounting for thermal memory has attracted increasing attention recently as an ef-
fective method for describing a wide class of real media.

In this work, the wave modes of propagation of thermoelastic perturbations are considered
in the framework of a linearized coupled theory of thermoelasticity for isotropic media with
allowance for thermal memory [1]. The determining relations for the thermal flux qz, internal
energy e, and stresses ozz are of the form

o

% 0=q9= [ o (5 g, 9 ds, (1)
0

e(z, ) =e=e,+c,0(z, 1) — fﬁ (2, s)ds+ n , (2, 1), (2)

Ozz (27 t) =0= (2%3 + ) Uy (21 t) — ny 0 (Z, t) _5: '\’, (S)—'lt_j‘—t (2, S) ds, (3)

where & = (T — Ty)/T, << 1; € = u,z << 1.

Relaxation functions a{t), R(t), and y(t), defined on the interval t ¢ [0, =), are differ-
entiable functions equal to zero at infinity.

The complete histories of the temperature ¢' and the temperature gradient gt are defined as:

f(z §) = § (2, s)=ds, s€[0, o), (4)
[

t , 8) = , 1 —38), 0, oo).
[ s)=I@ s), s€| ) )

Below, for an analysis of the propagation of thermoelastic waves we use an approach in
which a wave is considered as a surface of discontinuity of thermodynamic quantities.

Assume that at the moment of time t, the position of the surface of discontinuity is
determined by the coordinate z = Y(t) with the velocity of the motion of the surface being
equal to up = dY(t)/dt. The discontinuity of the function f(z, t) is designated by square
brackets and is defined as:
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Ol =[@—F ()= lim [(z, )— lim [(z, 7).

2V () Z2->Y*(¢)

Kinematic conditions of compatibility for one-dimensional plane waves according to the
Maxwell theorem are written in the form

g [ [ L], ®

For weak waves, when the derivatives of the thermodynamic functions have discontinuities,
while the functions themselves are continuous, from Eq. (6) we obtain

415

By definition, the surface of discontinuity I is called an acceleration wave if the field
of the displacements u and the temperature T possess the following properties on it:

I) u is smooth and ¢ is a continuous function in the neighborhood u of the surface I

1I) 4, €, £,2» 6, and g are continuous in the region I—y and undergo discontinuities
when crossing I.

From I and II and conditions (6) it follows that

ol = — [, 4, [6,) = —[8]. (7)

From (1)-(3) and properties I and II, it is seen that the fields q, e, and ¢ undergo
discontinuities when crossing the front of the acceleration wave. It follows from the equa-
tions of balance of energy and momentum

e=—q,+w, (8)
pu=06,-+b, (9)
that
el = — 1g,d), (10)
[0,.] = p [ul. (11)

By applying the Maxwell theorem (6') to (10) and (11), we obtain
— [o} = puy [ul, (12)
0, le] = [q]. (13)
From (1)-(3) and the property a(=) = B(=) = y(«) = 0, it follows that

7= —a0)g@ 1) - } @' (s) &' (z, ) ds, (14)
0

é = Cv’ﬁ‘ (Z? t) + B(O) ﬁ (27 t) _IA" B, (S) ﬁ[ (21 S) dS + %11;5,2, (15)

Oty 8

oo

0= (254 ), — %% +7(0) 9 — [ ¥ () 9z, 9) ds.

b (16)
Then, according to Eqs. (14)-(16) and properties I and II, it follows that
[g) = — @ (0) [g], (17)
le] = ¢, [0] + %y [u,,], (18)
[0] == (225 + 2, 1, .] — 3 [9]. (19)
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Substituting (17)-(19) into (12) and (13), we obtain the system of equations

fuunp — (2%5 - %)} 0] — it [O1 - - O, (20)
{LL,L;CU - OC(O)} ['&] — Ry Uy [LLJ -0, (21)

Thus, if the jumps in the derivative of temperature with respect to time [$#]5%0 and
accelerations [u] # 0, then we obtain the equation for determining the velocities of propaga-
tion of two thermoelastic acceleration waves

(ﬂf—wz 14 &) (&’")2 b0, (22)
Cy \ 1
where
'LZ_ %{1 et b (1 e ) 4l
- (2xg -1- )0 G oa (QY/cy,
b= c3jct; e = Wy %o/ (25 - My €.

Let us determine the coefficients of attenuation of the thermoelastic waves. The jumps
in the second derivatives of temperature and heat flow can be written in the form [2]

[ﬁ]:~ui[®¢A-+-2g%§l , (23)

- : 1 d[9
[l = 18, = — i [0, — 7[”—‘ , (24)
- d[q) (25)

n 19,4l = — 191 + —

Taking into account the relation (10), derived from the law of energy conservation, we
rewrite (25) as

. . d -
un[e[::——[ql%——az—[qL (26)

From (15) and (14), it follows that

e=aie D+BOB(E ) — | BO-2 9@ ) ds + i
0 S

(27)
. . < - e ,
= —a®e@ )t [ g 9d = a0 )—0e ) | @Ol 9d (28)
b b
From (27) and (28), we obtain the jumps in the second derivatives q and &
lel = ¢, (81 B(0) [8] -+ 2y [2,], (29)
[g]= — o(0)[g] — &' (0) Lg]- (30)

Substituting (29) and (30) into (28) and taking into account Egs. (17), (23), and (24)
and the Maxwell theorem (6), we find
dld] _ a’'(0)

2”11,017 dt = u [ﬁ] —Iln[_)) (0) ['G'] — Up¥y [d,zl _{_ {OL (O) Uy — uicv} [ﬁ,zz]~ (31)

To eliminate [u,z] from (31), we use the relation
d [o]
dt =’

which we rewrite, making use of the law of conservation of momentum (9) and the Maxwell theor-
em (6):

[0] = un [0,,:] + 2 (32)
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. . dlo
(61 = o 1+ 2 2L (33)

We obtain the derivatives of stresses with respect to time from (3):

. _ . . a ; (34)
0 = (23 + ), — D+ 7 ()0 | ¥ ()92, 9)ds,
0
G = (2 ) it — b + 7 O+ {7 (- 0"z, s, (35)
s
b
from which it follows that
[0] = (2% - %) [1,.] — %, [9], (36)
[0] = (25 + 3) [i.2] — %, 18] -+ 7 (0) []. (37)
Substituting (36) and (37) into (33), we obtain
y . . dd -
{25 + %) — urztp} [4,.] = %3 [3] — 7y (0) [8] — 2%, c[it] + 225 + ) “j—t [,.]. (38)
From (9), (17), and (18), we have
: a(0) Cy - .
.l = 9] — = [9].
[u,.] il [9] %1[ ] (39)
Using (23), (36), and (39), we rewrite (31) as
2[unv (2 Up (Z(O) . }d[ﬁ]
o Bt ) x3+%4)—~uﬁp( i) e T
(40)
@O uxy(0) byt

+ lu,B(0) ; ] 9] +un{a(0)_uzc,,

[0, =0.
Uy {205 -+ %y} — Unp } zz

N (23 + %) — u,2,p

It should be noted that, taking (22) into account, the expression in braces before [¥,l
is equal to zero. Therefore,

d[9] o
_Et—“-”“‘”“” (41)

where the coefficient of attenuation § is of the form
( un )2
2 ’ - 1
U (0) —a' (0) Cy

n %y (0) ur i ' (42)
Uy
2.(0) (25 + ,) [( T ) _ ]

We write the coefficients of attenuation on the wave fronts in dimensionless form as

A (e
e o I e L (= S

BO , 4 *Oa . ;_ 30a

! o - 2
AKoC1

-+ Te*

Ca(0)

a(0)df .

Thus, in the framework of the model of linear thermoelasticity, taking account of thermal
memory [1], the attenuating thermoelastic waves propagate with velocities (22) equal to the
velocities obtained in the model of thermoelasticity, with account of the relaxation of the
heat flow [3-5], where accounting for the additional mechanisms of relaxation of the internal
energy and stresses leads to an increase in the coefficients of attenuation of the waves.
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Fig. 1. Dependence of the attenuation coeffi-
cients 8, , on the dimensionless velocity of prop-
agation of thermal perturbations b: 1) §,; 1') 52
at £ = 0.0114; 2) 8,; 2') §, at € = 0.432; N = 1,
A=-5,T=0.
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Fig. 2. Attenuation coefficients §, , as a function of the
dimensionless velocity of propagation of thermal perturba-
tions b (the Maxwell functions of relaxation): 1) &,; 1')
8§, for € = 0.0114; 2) §,; 2') &, for € = 0.432.

Figure 1 shows the dependence of the coefficients of attenuation on the dimensionless velocity
of propagation of thermal perturbations for materials with small (e* = 0.0114, steel) and
large (e* = 0.432, polyvinylbutyral) coupling parameters (neglecting thermal relaxation of
stresses T = 0). As is seen from the accompanying relationships, the slow wave is attenuated
strongly for small velocities of heat propagation, while attenuation of the fast wave is

close to zero. At high velocities of heat propagation, the fast wave is attenuated strongly,
while attenuation of the slow wave is very small. In the region where the velocities of
propagation of heat perturbations and longitudinal elastic_vibrations are close in value

(b ~ 1), both waves have the same attenuation coefficient 8§, = &8, = (N— A)/4. It should

be noted that the attenuation coefficients obtained with the help of the asymptotic approxima-
tions in [1] and by the method of surfaces of discontinuity in the present paper coincide.

For the Maxwell functions of relaxation

ah) = —exp (- t—) B =2 exp(— t—) :

Tq Tg e Te
£y =2 exp|—
() . p( - )
Eq. (42) assumes the form
2 2
LA (”—n)_l (”)
6 . C1 Ci | S*F 6'1
v 2b*t, (L)‘t_ T2 I_uﬂ_\)4~— - (44)

Cy VE k Cyq _VF /

where N = tq/te, T = 1q/1q.
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The graphs of dependences of the coefficients of attenuation of thermoelastic waves on
the dimensionless velocity of the thermal perturbations, constructed from Eq. (44), are shown
in Fig. 2. TFor the parameter I', we obtain the estimate I = 10”% (N = 100) for the relaxation
time of the heat flow tq = 107!* sec [6], the relaxation time of the internal energy Te =
107!2 sec [7], and the time of the temperature relaxation of stresses 1, = 1077 sec [8). The
contribution to the attenuation coefficient from the thermal relaxation of the stresses is
less than 17 in this case, and we can ignore the second term in (44). Taking account of the
thermal memory results in an increase in the attenuation of the thermoelastic waves by a fac-

N fu,
tor of | —{—
[bz ¢y
(for the uncoupled case, by a factor of 1 + N).

2
) 4‘IJ in comparison with the approximation of generalized thermomechanics

The method of the surfaces of discontinuity, considered in this paper, proved to be ef-
fective in studying the propagation of thermoelastic waves in media with thermal memory. The
expressions obtained for the velocities and attenuation of the waves may find application
in the experimental testing of models of thermoelasticity and the determination of explicit
expressions for the relaxation functions of the heat flow and internal energy.

NOTATION

z, the coordinate normal to the surface of the half-space; t, time; T,, temperature of
the nonstressed state of the half-space; a{t), relaxation function of the heat flow; 8(t),
relaxation function of the internal energy; y(t), temperature relaxation function of stresses;
cv = DgE(4Ay), instantaneous volumetric heat capacity; =i, linearization coefficients; p, den-
sity; uz = u, displacements normal to the surface of the half-space; ozz = 0, normal stresses;
T, temperature; € = u,z, deformation; g = 3T/dz, temperature gradient.
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